Temperature Induced Cubic-to-Tetragonal Transformations in Shape Memory
  Alloys Using a Phase-Field Model by Dhote, R. et al.
ar
X
iv
:1
40
3.
59
66
v1
  [
co
nd
-m
at.
mt
rl-
sc
i] 
 24
 M
ar 
20
14
Temperature Induced Cubic-to-Tetragonal Transformations in
Shape Memory Alloys Using a Phase-Field Model
R. Dhote1,3, H. Gomez2, R. Melnik3, J. Zu1
1Mechanical and Industrial Engineering, University of Toronto,
5 King’s College Road, Toronto, ON, M5S3G8, Canada
2Department of Applied Mathematics, University of A Corun˜a
Campus de Elvina, s/n. 15192 A Corun˜a, Spain
3M2NeT Laboratory, Wilfrid Laurier University, Waterloo, ON, N2L3C5, Canada
Abstract
Shape memory alloys (SMAs) exhibit hysteresis behaviors upon stress and temperature induced loadings. In
this contribution, we focus on numerical simulations of microstructure evolution of cubic-to-tetragonal marten-
sitic phase transformations in SMAs in 3D settings under the dynamic loading conditions. A phase-field (PF)
model has been developed to capture coupled dynamic thermo-mechanical behavior of such SMA structures
and the system of governing equations have been solved numerically using the isogeometric analysis. Temper-
ature induced reverse and forward transformations have been applied to a cubic SMA specimen, starting with
evolved accommodated martensitic microstructure. We have observed that during the forward transformation,
the martensitic variants nucleate abruptly. The transient microstructures are aligned along [110] planes, which is
in accordance with the crystallographic theory and experimental results.
1 Introduction
SMAs have been widely used in commercial applications and studied in the research community for their inter-
esting shape recovering, hysteretic properties and complex microstructure morphology [1, 2, 3]. Most of these
studies/applications have been developed to model/utilizes static or quasi-static behaviors of SMAs. There exist
a number of areas (e.g. energy absorption and vibration damping, to just name a few) where the dynamic behav-
ior of SMAs is essential. Our better understanding of microstructure evolution and its effect on SMA properties,
upon dynamic loading, will help in the development of better models and devices.
In this contribution, we present a 3D model to study cubic-to-tetragonal phase transformations in SMAs. The
model is developed based on a phase-field approach and the phenomenological Ginzburg-Landau theory [4, 5, 6].
A Ginzburg-Landau free energy functional is defined in terms of two (deviatoric) strain based order parameters,
whose roots define a phase in a system at a particular temperature. The austenite phase is represented by a
cubic arrangement of atoms which occur at higher temperatures. The tetragonal arrangements of atoms occur at
lower temperatures resulting in martensitic variants, which are energetically equivalent. The governing equations
of the mathematical model are derived from the conservation laws of mass, momentum, and energy [7]. The
developed model has highly nonlinear hysteretic behavior, bi-directional thermo-mechanical coupling and higher
(fourth) order spatial differential terms [6]. The fourth order differential terms define a smoothly varying diffuse
interface between austenite and martensite variants or between martensite variants. Traditionally, such higher
order differential models have been numerically solved using a finite difference, spectral methods, etc. [5]. These
methods have known limitations in terms of geometric flexibility of a domain. An isogeometric analysis (IGA)
is a geometrically flexible method that can be used to study real world devices of complex shape. IGA offers
advantages in exact geometric representations, higher-order continuity, accuracy and robustness [8]. In [6], we
first reported the use of IGA methodology to study microstructure evolution for the 3D cubic-to-tetragonal phase
transformations in SMAs. In this paper, we study microstructure evolution in SMAs under temperature induced
transformations.
In Section 2, we present the phase-field model describing the cubic-to-tetragonal transformations in SMAs
and its numerical implementation based on the IGA. In Section 3, we study microstructure evolution in a SMA
domain under reverse and forward transformations starting with accommodated twinned microstructures. Con-
clusions are discussed in Section 4.
1
2 Mathematical Model and Numerical Implementation
The following three-well Ginzburg-Landau free energy functional can be used to describe cubic-to-tetragonal
phase transformations in SMAs. The functional is expressed in terms of strain based order parameters and
temperature, as
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where ai j, kg are the material parameters and τ is the temperature coefficient [4, 5, 6]. The strain e1 represents
bulk strain, e2 and e3 represent deviatoric strains, and e4,e5, and e6 represent shear strains. The ei strains
are defined using the Cauchy-Lagrange strain tensor as ei j = [(∂ui/∂x j)+ (∂u j/∂xi)]/2 (using the repeated
index convention), where u = {ui}|i=1,2,3 are the displacements along x, y, and z directions, respectively. The
first and second terms in the functional represent bulk, and shear energy, respectively. The next three terms
represent the Landau energy that define phase transformations between austenite and martensites and between
martensite variants. The last term represents the gradient energy that describes non-local elastic behavior. The
Landau energy has three minima having equal energies, corresponding to the three martensitic variants, below
the critical temperature, one minima, corresponding to the austenite phase, above the critical temperature. The
system has degenerate state near the critical temperature.
The mathematical model is described by conservation laws of mass, momentum, and energy [7, 6] as
~˙u =~v, (2)
ρ~˙v = ∇ ·~σ +∇ ·~σ ′+ ~f , (3)
ρ e˙−~σT : (∇~v)+~∇ ·~q = g, (4)
where ρ is the mass density, ~q is the Fourier heat flux vector, ~f , and g are external mechanical and thermal
loadings. The stress tensors ~σ and dissipation stress tensors ~σ ′ are defined as
~σ =
∂F
∂ei j
, ~σ ′ =
∂R
∂ e˙i j
. (5)
The Rayleigh dissipation energy functional R = η/2∑ e˙2i is added to stabilize the microstructure quickly, where
η is the dissipation coefficient.
The developed model has highly nonlinear hysteretic behavior, thermo-mechanical coupling and fourth order
spatial differential terms. The weak form of the governing Eqs. (2)-(4) are obtained by multiplying them with
weighting functions and transforming them by using the integration by parts. We implement the weak form
of the governing equations in the isogeometric analysis for numerical solution. The semi-discrete formulation,
where the space is discretized using the Galerkin finite element scheme and time is treated as continuous has
been described in [6].
3 Numerical Simulations
The simulations in this section are conducted on a cubic domain with 80 nm side. All the simulations have
been performed on the Sharcnet clusters utilizing 64 processors (4 processors each in three directions) with 1
GB memory each. The decomposed domain, in each processor, is discretized with 16 quadratic C 1-continuous
NURBS basis in each direction. The periodic boundary conditions have been used in the structural physics and
insulated for the thermal physics. The material parameters are identical to those used in [5]. The simulations
have been carried out to study microstructure evolution under temperature induced reverse and forward phase
transformations, without application of a mechanical load.
We first obtain the accommodated twinned microstructure in a domain by allowing the system to evolve,
starting with initial random conditions in displacement ~u and temperature coefficient τ = −1.2. The system
minimizes its energy and stabilizes into accommodated twinned martensitic variants. Fig. 1 shows the three
variants of martensites M1, M2, and M3 corresponding to martensite phase (tetragonal) aligned along the x, y
and z, directions, respectively. The microstructures are characterized by the axial strain values (e.g. martensite
M1 is represented by ε11 > 0 i.e. tetragonal variant elongated along the x-direction). The red color in each
subplot of Fig. 1 represents Mi variant and blue represents the remaining two variants, as shown in the color
2
spectrum in the figures. The competition between bulk, shear, and gradient energy results in three variants
accommodated in a herringbone structure with domain walls aligned along [110] planes, which is in accordance
with the crystallographic theory and experimental results [1, 9].
Next, we perform a temperature induced reverse transformation (RT, martensite → austenite) starting with
the evolved microstructure in the previous step. The thermal loading is applied on a domain with g¯= 0.05¯t in the
dimensionless units (bar shows the dimensionless variable). Fig. 2 shows the time snapshot of the microstructure
at intermediate time (first row) and at the end of unloading (second row). The domain walls no longer remain
distinct and sharp, as compared to Fig. 1, and extinct at the end of thermal loading. This observation is in
accordance with the experimental evidence [3].
Finally, we use the evolved austenite microstructure at the end of loading cycle as the initial condition
to the forward transformation (FT, austenite → martensite) by applying the thermal loading on a domain with
g¯=−0.1¯t in the dimensionless units. The martensitic microstructure evolve abruptly at τ ≈−5 at approximately
1500 time units during unloading. The transient martensitic variants on nucleation are shown in Fig. 3.
The average temperature coefficient τ evolution in SMA domain during microstructure evolution, RT, and
FT are shown in Fig. 4. The nucleation of martensitic variant from austenite during FT is seen with a jump in τ
at approximately 1500 time units.
4 Conclusions
The fully coupled thermo-mechanical model to describe cubic-to-tetragonal phase transformations in SMAs has
been developed and numerically implemented in the isogeometric analysis. We have numerically analyzed the
temperature induced reverse and forward phase transformations in SMAs. It has been found that the domain
walls between martensite variants are aligned in accordance with the crystallographic theory and experimental
results. We have also captured the abrupt nucleation of martensitic variants during the reverse transformation.
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Figure 1: (Color online) Self accommodated microstructure in a cube domain with (a) M1, (b) M2, (c) M3 marten-
sitic variants (red color represent Mi variant, blue represent the remaining two variants M j and Mk, and green color
represents austenite (A) phase).
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Figure 2: (Color online) Microstructure evolution during RT: the first row show the microstructure at ¯t = 950 and
the second row at the end of loading cycle ¯t = 1080 (red color represent Mi variant, blue represent the remaining
two variants M j and Mk, and green color represents austenite (A) phase).
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Figure 4: (Color online) Average temperature coefficient τ plot during microstructure evolution (blue), RT (red),
and FT (black).
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Figure 3: (Color online) Transient microstructure at ¯t ≈ 1500 during the FT (red color represents Mi variant, blue
represents the remaining two variants M j and Mk, and green color represents austenite (A) phase).
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